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Saarr’s conjecture

If configurational measure y = [%/?2 U = constant,
then the motion is homographic. |Donald Saari 2005].
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N-body — 3-body
g € R® — R?*: planar

my — 1: equal mass

a > 00— 1: Newton
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Lagrange solution

A

the shape is unchanged,
namely,
the motion is homographic

1=+ 1IU = constant
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Euler solution

@
the shape is unchanged,

namely,
the motion is homographic

1= +VIU = constant
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Saarr’s conjecture

!

attention to
Shape variable

2 what is the Shape variable ?

< equation of motion for the Shape variable ?




Degrees of freedom

q1,q2,q3 € C =6

center of mass = 2

size = 1

rotation = 1

', shape = 2
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Shape variable

January 18, 2011, I received a mail from Richard

Montgomery with an unpublished preprint
2007, unpublished].

In the preprint, Moeckel and Montgomery ...

< the Shape variable for Planar 3-body,
< the Lagrangian,

- the equations of motion.
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The Shape variable

43
O
il G +q 3
my = 1, %9 = 3 it
Q1+ q2+q3 =0 0%
d1 <1 =42 — 1
. 29 3 Q3
Shape variable: ( = — = — |
K g0l

¢ is invariant under scaling and rotation: ¢, — Ae"qy
— depends only on shape
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Geometric interpretation

Z9 R
C T Z—l 51 | 9 37
ds3 q2 g
T — _|__ FiTi et
/\ Sl s
Z9 e 2_
° q2 QQ guldlhl C M §if O
q1 Tl
CM. =0
rotation,
scaling
&

translation
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Lagrangian

&k 1 1
bR BRI ST

v 2 &l 2 Qv

e
it ) el It
il S @ 1
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Angular momentum
& size

oL, oL e g Ty
— (0= C="=70+ -3 — constant
96 90 ( %+§<2) il

d (0L 0L
il <—) by a few lines calculations, we get

dt \ O] oI
d (]2 MZ ) . Saari’s relat;
— 5 | = . Saari’s relation
dt \ 6 (%+|<‘2) o dt

I times kinetic energy for the shape motion

e Al ke Y S
6  a ds  ds (34 2|C]P)dt
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Equation of motion
for the Shape variable

C:x—l—iyECNX:(LU,y)ERZ

d (ory _or
dt \ox/) Ox




Saarr’s conjecture
tor planar equal mass
3-body problem




Saarl’s conjecture

dp(x) dx
N L A = B
it
Lagrange & Euler
solutions

contours for p(x) = constant

( = x + 1y : shape variable

_

ris + 733 + 75 <1 +i+i>
3 12 23 T'31

\/1+2’X|2<1—|— ) 31 : )
23 Vo122t a1ty
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e dux) _ A

dS \
2

Saari’s relation: di (1 i ) il \/fd_” iy
S

0| ds ds
dx
— | = v : constant
ds

Saari’s conjecture: v =10

We assume v > 0

N
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dp(x)
ds

dx

:()’ E

dx

T e e o

€V
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ou ou

Oy’ Ox

G

= curvature of the orbit in x by the eq. of motion;

N
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On the other hand, the curve u(x) = constant

has the curvature;
021 5 On Ot 9% l op\~ 0%
0x? 8:13 0y 0x0y oz 8y

€

O/ Ox|?

K(X) =
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Two expressions for the curvature must be equal,
Vi

it 4eCv | Sv? (X. @)
O 3(1+4Yx[2/3)[0p/0x] T 9(1 + 4]x[2/3)|0p/0x|?

v () Pn _ ,0u0n Pu (0 Ou
3|0u/ox|* oy ) 0x? (% Oy 0x0y or ) O0y?

take v = v/3 using the scale invariance

dr — )\qk, r — )\S/Qt
LU g G SN R
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i

4C 3

V3(1 + 4lx[2/3)|0p/ox] 31+ 4Ix?/3)[0p/oxP

1 op\” 0% N 0% Op
Op/ox|4 oy ) 0x? Ox Oy 0x0y ox
O/

(

o
0y?
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ISummary vscxeozs

( =z +1iy ~ X = (z,y) : shape variable

dps
L2 ()
dt

2 | dx |? 2
I di dx 9

= == CON ST,

i

N dx ev O Op
ds  |Op/0x]

5y’ (%) & eq. of motion

determines the curvature.

While, the curve u = constant has
its own cuvature.
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a Big Problem 1s ...

i

4C | 8 ( Op
V(1 + 4x[2/3)|0p/0x|  3(1+ 4|x[?/3)[0pn/0x]?

1 o\ P 0pon Pu (O Pu
0/ Ox|* Jy ) 0x? Oz Oy 0x0y or ) 0y?

This equation is too complex to treat.

Can we find a concise expression?
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Symmetry & Invariants

d3
i 3 3
o 202 —
d2
®
d1

equal mass = the system is invariant for g; <> g,
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Invariants 1

the configurational measure

1 1 1 1
N:\/g(r%z+rgs+7“§1) <_+_+_)

12 23 31

1 1 1
iy | 2 2 1 ¥il 1184
\/3( +r1+r2)< +fr1+r2>

= 3 1+ U1 T M2

ds al

T'23
731 . (il

q1 @ 12 > 5
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Invariants I

the configurational measure

1 1 1 1
u=\/§(r%2+r%3+r§1> (—+—+—>

12 23 31

1 1 1
s (] 2 A A ek e
\/3( +r1+r2)< +fr1+r2>

= M3 1+ f1 2

is obviously invariant under

(1 <> @2) = (1 <> o)

(Q1—>Q2%Q3%Cl1)=>(,u1%,u2%,u3—>,u1)

A

the same exchange rule
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Invariants I

&‘b&)@ 6)6’\6

. " A
i %%{:\W\W\»
1+ 77 + 13 f
f(rl,T2)+g(T1,T2)\/ : 2 :f<lugalu3) —I_g(ugalug):uB
3 [ 2 H1 Y2

is invariant under the exchange ¢; <+ ¢, ,
then it is invariant under the exchange yu; <+ u; , and

it must have manifestly invariant form h(y, v, p) -
here, f, g and h are rational functions and 00(&\'\
H= [+ U2+ U3, A
v = [fiz + papis + pzpn = \/2pp + 3p%, 5.
O
P = H1fb2ft3
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o e ise i e AT L T 1
(,u\/m T'a3 T31< _|___|__>>
5! T2 T3  T31
Uit s 16
:\/ k) <1+—+—>
3 T1 T9

1 1
= M3 <1 ji i )
ps/pn s/ e

= M1+ H2 + U3

Invariant function must have
manifestly invariant expression

4C
= VI =
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Shape variables

So, we use 3 kind of shape variables

M= 1+ 2 1 3, \w
v = pipis + pafis + pspn = \/ 2pp + 3p?,
' /0 H1fp2 43 ‘

\g’f =

—— e == — ———— e — ——— —

p and p are manifestly invariant shape variables
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Invariant shape variables

-———
-’ - o ~
b ey -

P -
/, Vg ,—4’—-— e Y &>

Vs 7’ - LEe=sREgasal ~ A N
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-
il P

Contour plots for = 1 4+ e + s and p = pq o pts.
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Invariant shape variables

-2+

-3

=2 =7 =1 0 1 2 3

ontour plots for u = p1 + s + 3 and p = pq o us.
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3 A Invariant 11

(@1 <> q2) = ¢ — —(C

—q—>q3—>q)=>(—( == T
(= @—=>6—>q)=C—>C ptgRIER I o e

"xi

Direct calculation shows that
the kinetic energy for the shape change is invariant;

1 |d¢f’

3(3+2¢1?)

)] s
33+ 3x2)°

= Metric space: g,5 =

Sl 0 R o
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Invariants 11-1

Vul> = g™ (0ap) (@

LR re + 1
9T1T2

(2r1r2 (7“1 - r2)

+ Tilr;l(rl -+ 7“2) i 7“17“2(7“1 e TQ) r1r2 47“17°2 (r1 + 7r2)

ol (27“1 ik 7“17“2 7“17“2 47’17"2 7‘17“2 i 7’17“2 il 27“2)

- T’ﬂ“g(’l“:lg - 7“3) + 2(7“1L il 7“3) . 7“17“2) .

Substituting r1 = ps/p and ry = g3/ e, we get ..

121 B7H L EH



Invariants 11-1

usps + paps + paug)
Ops p s
al gy byl 2 ALFid’ L ¥4

Vil = |

( — (gl + pspl + piud)

— i phapis (U5 4 3 4 p3) — A pogiz (p e + prapis

+2(pi oty + - ) + (pipaps + .

Symmetric polynomials of p1, t2, i3

This can be expressed by

elementary symmetric polynomials
po= fuy + pa + ps,
V= U1 T+ Haft3 + 31,
A YT R
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Invariants 11-1

V> = —p® + 2p* 4 6pp — 997 — 3(20% — pp + 3p°)\/2up + 3p2.

Here, we eliminated v using v = \/ 2up + 3p°.
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Invariants 11-2

1 i)
Ap=>" ——=0 (97910,

_§ 1—|—%‘X‘2 i 82 | 62
[t 3 0x2  Oy? i
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Invariants 11-3

A=Y g7 (0u)(0;|V )

ou 0  Ou 0
it 2 2
fHi <1 Tialx ) (5’:1: Or Oy 8y> il

(4,u — 241° + 321" — 72u°p + 6601t p + 324407

l\DIr—\

+36u°p° — 432p° + 89112 p> + 2349up* — 243p°
i (24/ﬁ _60u° — 156u2p + 28utp + 3244p°

S D6 0| DT 07 81,u,04> \/Q,up i 3,02) .




Manifestly invariant
form

2 A
VI = i | 1 4 Mz‘
Vil - 2[Vplt [V

The right hand side is expressed by
manifestly invariant variables p and p.

The time dependent variable is only p.
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61?

The Saarrt’s Conjecture .

2C A ALl
VI = |
Vil o 2|Vult [Vul?

= ag + a1/2+/p + a1p + O(PS/Q)-

2(1 — p? + Cy/—1 + 2u2)
p(l —2p2)
3vV2((—2+4 p?)/—1+ 2u? — 2C(—1 4+ 2u?))
(1~ 2u2)24/pu(—1 + 2p2) |
3((—=2+ p?) (1 +6p2) — 2C(1 + Tu?)\/—1 + 2p?)
p? (=1 + 2p2)3 |

ag —

a1/2 =

a1
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The Saar1’s conjecture

i V| o 2|Vult V2
g — 4y + aujay/B+ arp+ O(%)
18

1 (dﬁ>2 j <M7 (0(2_4“2)+(—2+u2) \/—1+2u2)2>
e ((1 ~ 22 (1 -2+ OV/T % 2u2>4>

2
1 (dVI 4+ 1
s el —\/_ | sl L must be identity
2 21 VI

p+O0(p*?)
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The Saar1’s conjecture
1 —2 + p?
NIl D 2 2T T 2

61/2(Calu) b Ulec i Ol

1 2
For C = —, = 9/;(—2—|—,LL) < 0
V=14 2p2 i 16(—1 + 2p2)
—2+ 7 3u(—2 + 112
For ¢ = = = e = :u( :u)>0
2/ ~1+2u gl 2pg)

u\/r%ﬁéﬁ@l(l it 1)23
12 23 31
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The Saar1’s conjecture

Therefore,

dv'1 IC2+1 L4
(b STt Wi

is not satisfied by all p.

Namely, there is NO finite orbit with
d d ?
d‘; — 0 and —X £ 0.

So, we proved the Saari’s Con]ecture 1
s dx
et LT
o
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The surface ... ?




The Shape Sphere

Jas — 5

il

W. Hsiang 19935, 2006,
R. Montgomery 2002,
R. Moeckel 2007,
K. H. Kuwabara
& K. Tanikawa 2007
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The Shap

e Sphere

gaﬁ—g(l

-1.0

1.0

distance on the sphere:
1 |dd)?

3 (3+2¢1?)
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The Shape Sphere

T for exchange of ¢; <> ¢;

0.5

y t rotation around the line
éonnecting the North pole
2-body collision) and the

South pole(Euler config.):

s dimid

271/3 rotation around
connecting LLagrange points:
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Summary
i el

{ ] ! 511N 1)2 g
b/ ! drg g o e = >
il | | ) Z
: 3 (it et i st

2 2 2\ 3/2 ;
p = Tl ok ) a0 : > |
; 3 12723731 i

Saari’s conjecture:

20 | A Ap

d’u_()and—#oj\/__

dt Vul = 2[Vult [Vu?

2 9
1
2\ dt 2] vai

125178 LR






