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Figure-eight and slalom solutions
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S1 S2

S3 figure-eight(5)

figure-eight: Moore 1993, Chenciner & Montgomery 2000
slalome: Šuvakov & Dmitrašinović 2013

same homotopy class
five iterations
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Three-body choreography
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figure-eight solution
C. Moore 1993,

A. Chenciner and R. Montgomery 2000



Slalom Solutions
• Šuvakov M.

• Numerical search for periodic solutions in the vicinity of the 
figure-eight orbit: slaloming around singularities on the shape 
sphere, Celest. Mech. Dyn. Astron. 119, 369–377 (2014)

• Šuvakov M., Dmitrašinović V.
• Three classes of Newtonian three-body planar periodic orbits, 

Phys. Rev. Lett. 110(11), 114301 (2013)
• Šuvakov M., Dmitrašinović V.

• A guide to hunting periodic three-body orbits, Am. J. Phys. 82, 
609–619 (2014)

• Šuvakov M., Shibayama M
• Three topologically nontrivial choreographic motions of three 

bodies, Celest. Mech. Dyn. Astron. 124, 155–162 (2016)
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Continuation of solutions
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Bifurcations around
figure-eight(5)
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Bifurcations around
figure-eight(5)
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Linear stability
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Hessian of action
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Equal mass planar three-body problem

Eigenvalue problem at a critical point
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Decomposition of Hessian
by symmetries
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CC+: choreographic cos +
CC-: cos –

CS+: choreographic sin +

CS–: sin –

zero-choreographic         
that don’t have 

choreographic components

trivial the same summitry 
as figure-eight and slaloms

For detail, see appendix: “Decomposition of the Hessian matrix for action at choreographic three-body solutions”  
that is enclosed in the same proceedings.



Extra symmetry of Hessian
for figure-eight(5)
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Saddle-node bifurcation
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Eigenvalues of H
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S1

S2
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Eigenvalues of H for CS+
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action

Euler characteristic:
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Eigenvalues of H for CS+
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Euler characteristic
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Pitchfork bifurcation
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Eigenvalues of H
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S3

SX

figure-eight(5)
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figureEight(5), S3 and SX: negative and almost zero engenvalues
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Eigenvalues of H for CS+, CC+
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Choreographic Sin +

S3
SX

figure-eight(5)

Choreographic Cos +

figure-eight(5)

S3

SX

the eigenvalues for CS+ and CC+ of figure-eight(5) 
shown here are degenerated 

(1-4 doublet)



linear stability of figure-eight(1)
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0.5 1.0 1.5 2.0 2.5

-π

- 4π
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- 2π
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4π
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π
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period-5 bifurcation: S3, SX

choreographic sin+ and cos+  
(1-4 doublet)



Euler characteristics
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Choreographic Sin + Choreographic Cos +

CS+ CC+
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A qualitative model for action
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Choreographic Sin + Choreographic Cos +

SX
S3

figure-eight(5)
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A qualitative model for action
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SX
S3

figure-eight(5)

<latexit sha1_base64="KLSvcnXC7bQwdRMVIDYqY2emUHE="></latexit>

<latexit sha1_base64="KUszhSB9kolrywF33g+84RpRoVA="></latexit>

0.5

1

2.

2.5

1

2

3

4

<latexit sha1_base64="oYLWIWz3di2z5qdwjnLBYXApWyM="></latexit>

<latexit sha1_base64="rxTay9jFQZjkeggc5no+bSkpq7U="></latexit>

<latexit sha1_base64="WF9NQuyuygNRbn8xSnexzqiX+8c="></latexit>



<latexit sha1_base64="lwo1Zc6DieDWdVRO74LxX0hwh8s="></latexit>

Bifurcations around
figure-eight(5)
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Bifurcations around
figure-eight(5)
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S1
S2

S1 and S2 are isolated 
from figure-eight(5) 

and other slaloms ???

… and other bifurcations
period doubling, non-figure-eight, non-choreographic,

other periods (7,11,…), …

S3


