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figure- elght solution

Lagrangian: | — Z
k

Potential: U(q) = {

ko
dt

+U(q), qx c R?

ol > 1/rdy  for a#0,

Zz’j log ||

figure-eight a= 1.0000

tfor a = 0.

—2 < «



figure-eight solution

Aqk
dt

{041 > 1/rdy  for a#0,

D i 1og | ] for a = 0.

Lagrangian: | — Z +U(q), q € R?
k

Potential: U(é]) — —2 < «

this talk: —1 < a < 2.5

figure-eight a= 1.0000
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second derivative of action

ﬂd/m(éi% +wm)

q(t) : figure-eight solution
d*q

ﬂq+@p:ﬂd+/ﬁum< ﬁQIUA@>

1 d*

eigenvalue problem




condition for bifurcation

equation of motion

d2
dt;] -U,(q) = 0 : figure-eight solution
2
d (qd; 0q) - U,(q + dq) = 0 : a bifurcated solution

- ( e Iqu(Q)> 0q =

A — (0 :a necessary condition

(205 + Ual@)) 910 = X 60, w(e+7) = 60



Zero eigenvalues for the figure-eight
and Bifurcations

A(47TA2/TA2) for fig8

[

/

204402 | 1.3 2

' _0.21425 0.9966 1.3424

not degenerated: choreographic
doubly degenerated: “zero-choreographic”



bifurcations from figure-eight

Al(47T72/TA2) for fig8
2 _

[ —

Z

2 | -6.4/0.2 - 1 13

SimoH3 a= 1.0000

Simo H




bifurcations from figure-eight

Al(47T72/TA2) for fig8

/ /ZV
S3imoH3 a= 0.89000 /

1 1.3

Simo H




bifurcations from figure-eight

Al(47T72/TA2) for fig8
2 _

[ —

Vv
7

_2 N -6}/0.2 - 1 13 2

br1340sym
a=1.342427, qI=0.0033366, T=0.2

O-sym solution
0




bifurcations from figure-eight

Al(47TA2/TA2) for fig8
7 g
_2 N —6)/0-2 - T 13 2 &
/ —1:-
brP134X X-symmetric solution

a=J3.342428, c50.00000042326, d=0.0080266, T=0.2

left-right symmetry is broken - non-Zero angular momentum
=0 =
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bifurcations from figure-eight

Al(47T72/TA2) for fig8
2 _

[ —

2 -0)/0.2: T 1.3 2 [8Y
/S

brMinus0214

R S d:WT:"X-symmetric solution

left-right symmetry is broken ~> non-Zero angular momentum
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bifurcations from figure-eight

Al(47T72/TA2) for fig8
2 _

v

[ —
7

-0)/0.2 - T 1.3 2 [8Y

* X-symmetric solution

left-right symmetry is broken — non-Zero angular momentum

brMinus0214

a=-0.200, c=-0.0039697, d=0.0047014, T=0.2

< animation in time
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bifurcations from figure-eight

Al(47T72ITA2) for fig8
/S
7 d
2 . -6)/0.2 - 1' 13 2 I8

/ * X-symmetric solution

left-right symmetry is brokenvm=non-Zero angular momentum

a=0, c=-0.027953, d=0.023612, T=0.2

''''''

101'{: animation in time
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Linear stability, Floquet matrix
H = H(q,p) = H(x)
r = (qo, q1, G2, Do, P1,P2) € R
dx OH 7 ( 0O FE

o _E 0

x(t) : figure-eight, dx(t) : small variation

> , I/ =6 x 6 1identity

equation of motion for small variation

2
H
> iéaz — J8 ox = B(t)dx
d

dt Ox? B

EG(t) = B(t)G(t), G(0) = 12 x 12 identity

a solution for small variation

=g  z(t) = G(t)0x(0)
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Floquet matrix, eigenvalues
M = G(T), T = period of figure-eight

12 eigenvalues u, Mo = ug
12 characteristic multiplier

properties: © — 1/, ™, 1/
one conserved quantity <= two y = 1
centre of mass 2 = 4,

angular momentum 1 < 2, *

energy 1 <= 2,
12 — 8 =4 : non trivial eigenvalues

eight t =1
“trivial”

we concentrate on 4 non trivial eigenvalues
and neglect 8 “trivial” eigenvalues for a while
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condition for bifurcation

of the same period
the figure-eight: ¢(t +1') = q(¢)
a bifurcated solution: ¢(t +71) + dq(t + 1) = q(t) + dq(t)

oq(t +T) = dq(t)

v

0q(T') = G(T)0q(0) = dq(0)

0¢(0) must be an eigenvector of M = G(T)
with eigenvalue p =1

a necessary condition
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four possible combinations of

4 non-trivial eigenvalues
o=t ()
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Hyperbolic, Elliptic, Quartet
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bifurcations and stability

|

- JT

A

2?2

not coincide

no manifest relations between
bifurcations and change of stability
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Eigenvalues of Floquet matrix and Bifurcations

p=1&arg =0, log|ul =0

n_

e

'

: L

OK for 3 cases, but ?? for the rest one

O
2
*~

21



characteristic multiplier
—0.385=a=-0.378, {-0.3818, —-0.3816} Hessian figure-eight ~0.385< a $-0.378 {-0.3818, -0.3816}

H A

1111111111111111111111111111111

-0.385  -0.384  -0.383  -0382 °°-0.381 -0.380  -0.374-0285 ~0.384 “0582 Z0.381 ~0.380

eigenvalue of
characteristic multiplier 2nd derivative of action

A u=1land A =0 A

both double lines: —0.3815 < ag < —0.381

g00d agreement
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Hessian figure—eight —-0.21428< a <-0.21422 {-0.214253, -0.2142¢
L4 _ A
—0.214253 < ag < —0.21425

SE

-0.225 -0.220 -0.215 -0.210 -0.20 02148 0ztaz . oziaze e v ozt oztam

eigenvalue of

characteristic multiplier 2nd derivative of action

o = —0.22 a = —0.21
the bifurcation

4*\ pointis in
Elliptic-Elliptic

/| region
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error in numerical calculations?
four check points

characteristic multiplier
-0.23=a=<-0.2, {-0.21426,-0.21425}

4711/5
arg /i
871/11
/!
8w /11 4 /7
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Hessian figure-eight -0.21428< a <-0.21422 {-0.214253, -0.2142¢

N

-0.215 -0.210

—0.214253 < a9 < —0.21425

<

u for fig8: a =-0.2100

e here!

AN / we have 8 “trivial”
( \ |
T JT
AN y /

Yoy angular momentum,

centre of mass, energy
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) FIUT LD ?

0q(t) = G(t)oq(0)

M=G(T) DERLPHOTHLERW
Gt), 0<t OIEHRZMHZIX?

0°H
5.2 ox = B(t)dx

2545y JiTaR %&c _
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Xed
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