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Saari’s conjecture

Saari’s conjecture 35 years after, 
Moeckel proved ...

April 7, 2005 at Saarifest 2005, Guanajuato, Mexico



The next day, Saari 
extended his conjecture

April 8, 2005 at Saarifest 2005, Guanajuato, Mexico

Saari and Extended Saari
Lagrange-Jacobi

there are counter
examples for
original Saari

extended Saari is 
expected to be
true for any α

Saari’s
extended conjecture

Hereafter, we call this conjecture
“Saari’s homographic conjecture”

or simply
“Saari’s conjecture”.

now, Saari’s conjecture contains ...

Lagrange solution

the shape is unchanged



Euler solution

the shape is unchanged

figure-eight solution
Newton potential

figure-eight solution
under 1/r^2 potential

Saari’s conjecture
⇩

pay attention to 
Shape variable

 what is the Shape variable ?
 equation of motion for the Shape variable ?



Degree of freedom Shape variable
January 18, 2011, I received a mail from Richard 

Montgomery with an unpublished preprint
written in 2007. 

In the preprint, Moeckel and Montgomery ...

 the Shape variable for Planar 3-body,
 the Lagrangian,
 the equations of motion.

The Shape variable

Moeckel & Montgomery 2007

geometric interpretation

rotation
&

scaling

rotation,
scaling

&
translation



The Shape variable

rotation
&

scaling

Lagrangian

Angular momentum

Decomposition of Kinetic energy

kinetic energy for size + rotation + shape

Size

by a few lines calculations, we get

,

: Saar’s relation



Saari’s relation Saari’s relation
,

then

and

Therefore, the Saari’s relation

is true
for any masses, any dimension

and any Number of bodies

Shape variable

here
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Saari’s conjecture for ...
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We will show that ... 
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then

motion along a contour is
not compatible to the equations of motion

Saari’s relation 

therefore yields ...



motion along a contour
with constant speed

motion along a contour
with constant speed

Let α=2. Because...



and

This completes a proof
of the Saari’s conjecture

Summary



The Shape variable
Moeckel and Montgomery, 2007

Shape variable 

Lagrangian

,

Moeckel and Montgomery, 2007

Saari’s conjecture
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Now, we ...

Thank you


