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Three-body figure-eight choreography
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(o)

C. Moore (1993): found numerically

A. Chenciner and
R. Montgomery (2000):
proved the existence

(0]

(o)

C. Sim¢ (2000):
found a lot of N-body choreographies numerically

0]

Barutello, Ferrario, Terracini, Chen, Shibayama, ...



Three-body figure-eight choreography
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i:172737 m; = 1

JFi
(i) = q(t),
C @(t) =qt+T/3),
Lq3(t) = q(t+27/3),

- __.*rq.ld.i.--,ulimrﬁ'“ . " . _ ai = -




Figure-eight has
zero angular momentum
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Why L =0 ?

Total angular momentum is conserved.
Therefore,

Z%/\Qizz<%/\di >= 0. /
; ;

<} - time average

Then, what does L = 0 mean”



Three tangents theorem (FFO 2003)
L=0
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Theorem (Three Tangents). If

Zz‘pi = 0 and ZZ qi\p; = 0, then
three tangents meet at a point.




Three tangents theorem
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Theorem (Three Tangents). If

> .:pi =0and)  q/A\p; =0, then ]
three tangents meet at a point. /.

Proof. Let C; be the crossing point
of two tangent lines p; and po. 3 f ;

. (Q1 _Ct)/\pl =0, (QQ —Ct)/\pg =0
On the other hand, > . p; =0,) . ¢ Ap;i =0= > .(q;: —C:) Ap; = 0.

o (3 = Cy) Ap3 = 0. ]

C: the “Center of Tangents”



Centre of force for three body orbit
dL/dt=0
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Since .
Zfz':(), — :ZQi/\fizoa

force vector from each bodies meet at a point C's: the Centre of force.
(Schiaparelli, Wintner)



Three tangents theorem
L=0
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o Shape of the orbit of Figure
Eight x(t) and the orbit C(t)
are still unknown.

o Three Tangents Theorem
gives a criterion for the
orbit.

o For example ...




The simplest curve:
4-th order polynomial
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24 + ax?y? + Byt = 2 — 42

4L
o= 2

g=1
(numerivally)
Candidate:
Lemniscate (2 +y*)? = 2% — y°

and its scale transform x — UT,Y — VY



Three-body choreography
on the lemniscate (FFO 2003)
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Choreograpgy on the Lemniscate

B sn(t)  sn(t)cen(t) ..o 243
a(t) = (1—|—cn2(t)’1—|—cn2(t)) with &= = 4 7
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Figure-eight solution
under homogeneous potential
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Vo atr® fora#0
“ Nlogr fora =20

Numerical evidence
Moore: Exist for a@ < 2
CGMS: Exist for a < 0 and Stable a = —1 + €

{alpha=, -2.%

....... 0 |:|4 B a " ...l..
= .I 0.2t
e ;
- -0.5 0.5 i
I—.U.E -
LTI - —0.4 | e e -"

Figure-eight for « = —2 has [ = Z q; = const.



Evolution of moment of 1nertia
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ZmiQi =0, M= Zmz‘, I = Zmiq@?a

Kzzi:qf, V., = ézmimjr;*j, H = %KH/@.

i<j
d*1
Lagrange-Jacobi 1dentity
d*1 5
Fora = —2: W:4E:>]:2Et —I—Clt—|—02.

s IfI +»0and I - oothen £ =0, ¢; =0, I = const.

Figure-eight under 1/r"2 has I=constant.
What does this mean?



Three normals theorem
for dI/dt=0 orbit

AR Sk Tt g - e T NP S oS ALy
Theorem (Three Normals). If
>_ipi=0and ) ;q;-p; =0, then C,,

three normals meet at a point.

Proof. Let C,, be the crossing point
of two normals n; and n». /
2

N
Then, ZZ(QZ — C’n) - pi = 0,

(g1 —Crn)-p1 =0 and 1

<QZ — Cn) P2 = 0.

(Qg — Cn) -p3 = 0. []

This theorem holds for C,,: the “Center of Normals”

general masses m;.



Circumcircle theorem
for L=0, dI/dt=0 orbit
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Theorem (CircumCircle). If
> ;pi = 0, > .q ANp; = 0 and
> .:qi-pi =0, then C; and C), are
the end points of a diameter of
the circumcircle for the triangle

d14243.

Proof. Angles C;q;C,, are 1\
90 degrees for: = 1,2,3. L[

This theorem holds for any masses m;.



Centres for figure-ei1ght solution
under 1/r*2 potential
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1
Figure-eight = L = 0. V = — = [ = const.
/'/l

What does this mean ?...



Synchronised similar triangles for
figure-eight under 1/r2
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o, 0. {0, 0.3

(o

/ di y  Pj — Pk

VI P V3K

(4,7,k) = (1,2,3),(2,3,1),(3,1,2)

Two triangles are inversely congruent.
Because ...



Similar triangles for L=0, dI/dt=0 orbit.
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Theorem (Similar Triangles).

]fZipi = 0, ZiQi Ap; =0 and
> i qi-pi =0, then

triangle whose vetices are q; and
triangle whose perimeters are p;
are similar

with reverse orientation.

Proof. Look at the
angles yellow colored
and red colored.

It is obvious. []

Remark: This theorem
holds for any masses m;




Ratio of magnification
(L=0, dI/dt=0)




Oriented area
(L=0, dI/dt=0)

piAps = —k(@2—q1) N (g3 —q1)
K
= _mmlmZmS(Q1/\Q2‘|‘Q2/\QB‘|‘C]3/\C]1)
K

= —7m1m2Q1 N q2.

)i miqs = 0 = mimaqr A g2 = mamsqa A gz = m3miq3 A qi.

?J/L'/\Uj

K

qi \ g
1

= 0.



Energy balance for
L=0, dI/dt=0 orbit under 1/r"2
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d?] 710 5
—=0= K = v J
Do

2
di i<j Y
dl 1 mimomsK 1
L=0, —=0= 5 =——""2"" .
LK — mlmgmgK (m1m2 ™TMo1ns m3m1>
B MT p3 pi P3
(AN ™momns ™3 - MI -
5 5 5 — const



Geometrical properties of L=0 orbait
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o In the followings, we consider L=0 orbit,
not assuming dI/dt=0.

o Even 1n this case, we can find the synchronised similar triangles.



Synchronised similar triangles
for L=0 orbat
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For L = Zz m;q; N\ v; = 0 but % — ZZ m;q; - v; 7 0 orbit, consider

qi g, vy 1dl g

fi:\ﬁ’m:dt_\ﬁ_Qldt\/f”ui:mi'

Then, we have

Zﬂifi :Oazﬂz‘ni ZO,ZM&'/\U@' :Oaz,uzfi'ni = 0.

.. Triangle whose vertexes are &; = 1 and
VI
. . d&i . .
triangle whose perimeters are (1;7); = (t; —— are always inversely similar.

dt
(Synchronised Similar Triangles)



Purely algebraic derivation of
synchronised similar triangles
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Leti=1,2,3,&;,n; € R?, p; > 0such that
Zm&; :OaZMmi :O,ZM&AW :Oazﬂifi‘ni = 0.

Let M =37, pui, 1(8) = 32, & = M~ 37, i it (& — €)% Then

e (i —my)? wemy g (& — &G)3

I¢¢)  Mi(m) ' I(n) MIE)

e e _ pipg (& = &)° i (0 = 1) gty
I§)  I(n) MI(§) M1I(n) M
and
ENE M AN

= 0.

1 I(n)




Synchronised similar triangles
for L=0 orbat
ML T e, S Tt Gt v DA YA oty 5= S R SRt e N bt ISR e et : TSR

Therefore, we get

fi/\5j+777;/\77j — 0
1(§) I(n)
where
T T A T /T 2Adt T
That 1s . . o
qi /\ 4, Vi /\ U
7 TR 2T ar ai 4N )
where

I = Zmiqf, K = Zmivf.
i i



Evolution of oriented area for L=0 orbit
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Let .
A=(e—a) e —a)=) (6 Ng):
1<J
Then , , ,
d d°q; d“q
@ BN = g Nt +27%
/\ """"""" ()+1dld()
Uy AU; = — 0 | i
SO T I T o g
d [1dA 2K
I— (2= ) = — [ = . a=2 1 A
dt ([ dt) ;T2 my)r



Infinitely many syzygies or collisions
(Montgomery 2002)
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o Montgomery formulated and proved:
Any bounded three-body orbit with L=0 has
infinitely many collinear configurations (syzygies or eclipses) or
collisions.

o We give a simple proof.



A simple proof of
infinitely many syzygies or collisions
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Proof. Let
A(t
S(t) — (?)
I(t)
Then
,
d2S ., 2K 1d1 3 [dI\®
o *Z;(mi*mj)% +7+ﬁﬁ‘4p<dt> S
\
= —w?S,

m2 .\ (27)/2
w22w(2)>Owherew(2):M(MZ::x> for a < 2.



Conclusion 1: Synchronised similar
trlangles for L= O dI/dt=0 orblt




Conclusion 2: Synchronised similar
trlangles for figure-eight under 1/r2
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§0, 0.3 {0, 0.3

= (o

VI Z " V3K

Two triangles are inversely congruent.

1
;p—?:i’)l




Conclusion 3: Synchronised similar
triangles for L=0 orbit.
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The variables form the synchronised similar triangles

¢ d& v, 1dlg,
VI T @ T T A dt T

£ =

Then, we get

7;/\ ' Ui/\?}’ 1 dI d
q q]_l_ j

i = 5Tk dr g\ N )

1<J

K
d (1dA 2K oy
lﬁ(1ﬁ><l+ (g )i = | A

We gave a short proof that A(t) has infinitely many zeros if o < 2.



I have a dream.
One day,
someone will e-mail me

and say

“I have solved the figure-eight !”

Thank you.



