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Three-Body Figure-Eight
Choreography

"1 C. Moore (1993):
finds numerically

"I A. Chenciner and
R. Montgomery

(2000):

prove the existence

= C. Sim6 (2000):
finds lots of N-body
choreography

numerically



Three-Body Figure-Eight
Choreography
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Figure-Eight curve for V,

V. — {alro‘ for a £ 0

logr for aa =0

Numerical evidence
Moore: Exist for ao < 2
CGMS: Exist for a < 0 and Stable o« = —1 + €
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Figure-Eight for -2 < a <1, T =1.



Figure Eight has
Zero Angular momentum

Why L =07
Total angular momentum is conserved.
I'herefore,

ZQ’L/\Q’L Z<Qi/\6ji>zo-
1

<®>: time average

Then, what does L = 0 mean”?

—>



Three Tangents Theorem

Theorem (FFO). In the three
body problem, if

> pi=0and ¥ ¢ Api =0,

1

three tangents lines to three bod-
1es must meet at one point for each
instant.




Three Tangents Theorem

Theorem (FFO). In the three
body problem, if

sz':o and Z%’Api:oa N

1

three tangents lines to three bod- ” = lpi? ; 3
1es must meet at one point for each ‘
instant. -2

mi — 1.O,m2 — 1.1,m3 = 1.2



Three Tangents Theorem

sz' =0, ZQi/\pi =0

1

:>Z<Qi_0)/\pi:().

Then,
(g1 —C)Apy=0and (gg —C)Apy =0

:>(QS—C)/\]93:O.

o — G Ap)p; — (45 A ps)pi

Di N\ Dj
“Center of Velocity”



Three Tangents Theorem

"I Shape of the orbit of L5
Figure Eight x(®) and
the orbit C®) are
still unknown. 05|
"I Three Tangents — .

Theorem gives an
information of the

shape. =3

- For example ...

¥



Euler & Isosceles Config.




Euler Config.

Scale and rotation parameter g
and
two parameters v = (u,, u,)




Isosceles Config.

Scale parameter xg and
two parameters v, vg.




Simplest Curve:
Forth order polynomial

2+ ax?y? + Byt = 22 — 42

JL
a =2
Candidate:

Lemniscate (2 4+ y?)? = 2* — 37
and its scale transform z — uz,y — vy



Three Body Choreography
on the Lemniscate

Choreograpgy on the Lemniscate

B sn(t)  sn(t)cen(t) .o 243
alt) = (1+cn2(t)’ 1—|—cn2(t)> with &% = ——;

Cq1(t) = q(1),
§ 2(t) = q(t +T/3),
L q3(t) = q(t +2T/3),

q
q

satisfies the equation of motion ¢; = —



Lemniscate

sn(t)  sn(f)en(t) \
a(t) = (1 +cn?(t)’ 1+ Cn2(t)) = (@)

<

» o sn?(1+cn?) sn” 5, o sn?(1l—cn?) sn?

Qf—|—y — (1+Cn2)2 :1+Cn2,£€—y — —

I+cn22  (1+cn?)
<

(IQ +y2)2 - y2.

<

2 *x2

Z2=x+ iy = 2°2 (22+z*2)220

DO | —




T = 4K (k)

Center of Mass

X

1 d
R :/o V=2

TORIESIE

2+/3

k2
4

1 — k222)

Modulus k2 vs CM.




Center of Mass stays at the Origin




Center of Mass stays at the Origin
Proofa(t) = ) = (o) 560

sn(t)  sn(t)cn(t)
1+ cn?(t)’ 1+ cn?(t)
sn(t)
1 F icn(t)

= ¢T(t) =z iy =

gt (¢)
for —2K <Rt < 2K,
2K < 3t < 2K’

4K 4K

9 2

1/q" (u+iK"),
for 2K’ <u < 2K’



Moment of Inertia
and Angular Momentum

i) = q (t)§T () = (x2 + yy) + i (vy — ya)

"'
S e
O,
Vo,

=
NS

L ‘ Ny
N
NS PSS




Equation of Motion

b sn(t)
1 — icen(t)

q has simple poles.

= ¢T has triple poles.

Can we find a force ¢ = f, that gives

qi = ZKJ' fla;—a)?






Equation of Motion
We finally find,

s =)
2| (t+ ) g () g (t—)—qg(t)

=3 1 ¢ —q J\f(
1 g — @2 12

J70
repulsive

= U = <1lnrw‘l\/_ )

That 1S {

C]z)}



Equation of Motion
Structure of Zeros and Poles

/T
[\

1.5

1

\ %
—‘2 l‘.5 —‘l —O‘.

\/\j

-1.5

1/ (u+iK'),1/z" (u+iK'),



Equation of Motion
Structure of Zeros and Poles

1/x™"

Lemmniscate

(z*()* —1/2) (v (1) —1/2) =1/4



Equation of Motion
Structure of Zeros and Poles

Thus we find the Equation of Motion



Potential Energy




Lemniscate & the Figure-Eight

Thick line and thin line

Figure-Eight
sn(7)

(1, kQCn('r)) :

Scaled Leminiscate: .« 1T en?(7)

2+ 3 4K
— , T = —t

k,2
4 T




Lemniscate & the Figure-Eight

1,
0.3
0.27

0.5¢r
0.1r

1 2 3 4 S 6
-0.1¢
-0.57
=0 2]
=03
_1,

Figure-Eight
Scaled Leminiscate




Lemniscate & the Figure-Eight

Figure-Eight
Scaled Leminiscate




Constants on the lemniscate orbit

D 6=0, ) aNGi=0
D P i=9V3, Y d

2
— 3\/§ 7“127”237“31 _ .
1<J




Inconstancy of
the Moment of Inertia

Moment of inertia I = Z qz.
i

Potential Energy

U. — {alro‘ for e £ 0

log r for o = 0.

Problem (Chenciner). Show that
the moment of inertia I stays con-
stant if and only if a = —2.

1.993

1.995

1.994

1.992

1.99

AT 1

— ~ — fora= -1

I 200



Saari’s Conjecture

Saari’s Conject
I = const.

/

C. McCord: equal masses
J. Llibre & E. Pina: equall masses & ...
R. Moeckel: general masses V=—



Lagrange-Jacobi identity
I= Z a,

1 , 1 o
K:§Zqi27 VO‘:EZTU

1<J

d?1

For o = -2,

PL_
ﬁ—Ej =251 _|_Clt—|_C2.



Lagrange-Jacobi identity

d?1
For a # —2,
d*tnr d"V,,
I(t) = const. = g (0) = —2(2+«) g (0)=0

Infinitely many initial conditions
for Finite degrees of freedom

... with some exceptions.



exception I
Harmonic Oscillator

L _ 4K o0V, = 4E 2124 )V,
5 — — 20V = — o
dt>
For o = 2,
1 . 3< o, 3
1<) 1
d?1



exception 2
One-dim. z* Potential
421

For one-dimentional z* potential,

1 9
V4 — Z(CIJZ'—ZCJ')4 = 5 Z(CEZ — CCj)2 = 512
1<j 1<J
d*1

. _ 2
oy =AE 92+ 4)1



FFO prove ...

We consider motions with conditions
1. Equal masses m; = 1, 0.4
2. 2.6 NG =0, /1.
3. ¢3(0) =0,

4. I = const. > 0.

Theorem. No motion satisfies conditions
1, 2, 8 and 4 except for o« = —2,2,4.

e o = 2 = exception 1. No Eight.

e o =4 = exception 2. No Eight.



Chenciner’s Problem
is solved

Moment of inertia I = Z q.
i

Potential Energy

U. — {alr“ for e £ 0

log r for a = 0.

Problem (Chenciner). Show that
the moment of inertia I stays con-
stant if and only if a = —2.

1.993

1.995

1.994

1.992

1.99

AT 1

—~ — fora= -1

I 200



Convexity of Each Lobe

Theorem (FM). Fach

lobe of the eight solution
1S Q4 CONVexr curve.

K = q‘q’3q =0<& q = 0 Ti6 T}:-:/fz 2T/2 ST/6 T

Computer assisted proof:
T. Kapela & P. Zgliczynski




No Isosceles, No Collinear

In this OPEN interval

e 113 < 119 < rog distance ordering

e 1 NG2=q2/Nq3=q3Nq1 <0



No Isosceles, No Collinear (CM)

® 113 < 112 < 723

® q1/N\G2 = q2/\q3 = q3/\q1 < 0

: 1 1
° (1 = <T_T> (2 N q3) :

21 T3y

4

0€1<0,él>0

0€2>0,€2>0

0€3<O,é3<0




Star Shapedness

Each lobe is star shaped. 0af 3
(CM) |

Equq:r29:O(:>q:O. .

-0.4

e Right lobe: £ < 0,6 <0
(€1<O, 3 <0 )

n.4r

e Left lobe: £ >0, 6 >0
(€2>O )

n.zt

0.2

-0.4F




To each Mass
Its own Quadrant

Observed by FFO.
Proved by FM.

*.» Star shapedness,
distance ordering r13 < r12 < 723

d = 0. — Y
and q1 + g2 + g3 UB/UX )rsz/gﬂ
yxéfr/?i?) y2/91
=>y1>0,y1>0,y1<0 y?>/3 T42
7 T2
_dYr 70



To each Mass and Center of velocity
Its own Quadrant

-z -1 1 -0.5 0.5 1" 1.5 2
~0.5 |




Splitting Lemma

Lemma. If k = 0, tangent line £ splits
the other two masses or all three masses
are on this line.

_aNg
41

K =0&GAG=0

OR




Convexity Proposition

2

P(t) = (p(t),0) : crossing point
of the tangent line ¢ and y = 0.
_gAhg __dp PRy

=1 1 o T
P=7y T T

d
.‘.C]#O,R#O,y#Oid—ZZ#O.



Convexity of Arc 1

f?jl >0,y1 > 0,y1 <0,
(1 =q1 Ng >0,
\61:q1/\q.1 <O

0.4} 3

/N

Three vectors
g1, q1 and ¢ are linear
dependent in 2-dimention.

-0.4 ¢

o . . b)
0=y1(¢1 A1) +91(G1 A q1) + 91(q1 A Ga) /\a\)r(;;b(@/\
_ - 13 o € i/ )rbfb&c
= y1lq1]" k1 — 911 + G1bs Kbl\c\
i b, Ci
. . . (b
y1|q1|3/{1 — y1€1 — y1€1 > () an b1 “
= by @
cok1 < 0. )
_1.2



Convexity of Arc 2

Contradiction!

k>0

k<0

Coko >0

Gauss map of q—2
[
2o >0=2>0



Convexity of Arc 3

e Splitting lemma
e Three tangents theorem
o k1 <0, kg >0

e Convexity proposition

4

k3 < 0.




Open Questions

Unicity (The Figure-Eight)
Orbit F(x,y) = 0 polynomial?
Not polynomial for -1/r potential (Simo)
Choreography on Polynomial F(x,y)=0
| 4: Lemniscate (FFO)
68 7

_ Exact solution under a realistic potential



Unicity of Figure Eight

1
Under V — —2—742,

d?1
2 —F =] = 2Et2—|—61t—|—62 = F = 0.

Only one parameter yq.

(_1/27 y()).

(1,0)

(—1/2, —yo)./




E = 0 orbit for V = —1/(2r?)

(M\

4
2
0.4 N

o ~ 0.38945

0.

5

—O‘.2
1
(1,0)




E = 0 orbit for a = —2

(0.2}
1 -
075 [

0.5 |

025 [ \

—n.esf

L/

—os|

—0.7s |




Is the Curve Algebraic?

Figure eight curve ¢ = (x,y),

F(z,y) = Z iz y™ =0 ()

S
1<i+j<n

Simé: 2n # 4,6,8 under V = —1/r, numerically.

I think, we can prove 2n # 4,6, 8.
Because ...

For V = —1/r% or logr ‘7



Exact Figure-Eight
Solution



